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Arbitrary precision in multipath interferometry
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Interferometers withM paths are studied. It is shown that the accuracy of the phase-shift measurement can
be improved by increasing the number of paths. For a detection scheme that uses coherent input states, phase
sensitivity rescales asDw}M21, and nonunit quantum efficiencyh at detectors only decreases the effective
M by a factorAh. @S1050-2947~97!00701-4#

PACS number~s!: 42.50.Lc, 03.65.Bz, 07.60.Ly
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Interferometric detection allows us to measure tiny var
tions of the optical path of a light beam, corresponding
very small phase shifts of the radiation field. Even with co
ventional interferometers, such measurement is gene
considered very accurate. However, in special situatio
such as for detecting gravitational waves, a much more
curate measurement is needed@1#. The limit to the precision
of the measurement is posed by the limited available amo
of field energy, which, in the form of radiation pressur
perturbs the parameter that is monitored by the phase s

In conventional two-path Mach-Zehnder~or Michelson!
interferometers that use coherent light, phase sensitivit
bounded by the so-called shot-noise limit

Dw}
1

AN
, ~1!

whereN is the mean photon number of the impinged rad
tion. A number of possible mechanisms have been analy
for improving two-path interferometry@2–6#. Mostly, atten-
tion was focused on methods for achieving the ideal bo
@7#

Dw}
1

N
~2!

by driving the interferometer with nonclassical states
light. Correlations between the photons in the two arms
produced, which are needed for beating the shot noise o
nated by the zero-point fluctuations at the input. After t
earlier indication of using squeezed states to reduce quan
fluctuations @2#, other proposals suggested to coheren
drive the optical fields with correlated atomic transitions@3#,
or by active elements such as four-wave mixers@4#. More
recently, suitable two-mode states@5# have been suggested a
optimal inputs for approaching the Heisenberg limit~2! or,
alternative to homodyne interferometry, a nonconventio
heterodyne interferometer has been proposed that uses
mode down-converted radiation@6#.

In this paper we avoid using exotic states of light. Follo
ing the earlier suggestions of Ref.@8#, we consider a multi-
path interferometric arrangement where a coherent input
nal is split into many beams by a 2M -port multisplitter. As
will be shown in the following, interference among an i
creased numberM of available paths results in an improv
ment of the phase sensitivity according to the rescaling
551050-2947/97/55~3!/2267~5!/$10.00
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Dw}
1

ANM
. ~3!

This means that by increasing the numberM of available
paths, arbitrary precision in phase-shift measurements ca
achieved with afixed amountof energy impinged into the
apparatus. It will also be shown that this interferomet
scheme is only weakly affected by nonunit quantum e
ciency at photodetectors.

Linear 2M -port optical couplers@9,10# are a generaliza-
tion of standard lossless beam splitters. TheM input modes
ai , i51, . . . ,M , are combined together, resulting in a ne
set ofM output modesbj , j51, . . . ,M . As for the beam
splitter, which is described by a unitary 232 matrix @11#,
any lossless 2M -port multisplitter is characterized by a un
taryM3M matrix @10# where each matrix elementAi j rep-
resents the transmission amplitude from thei th input port to
the j th output port. The 2M -port multisplitter that is fully
symmetrical among its ports is referred to as thecanonical
multisplitter. It is described by a unitary matrixA whose
elements depend only on the numberM of modes and are
just theM th complex roots of unity@10#

Akj5
1

AM
expF2p i

M
~k21!~ j21!G . ~4!

These devices have been already implemented by sin
mode optical fibers technology: commercial tritters (M53)
and couplers with higherM have been available for a lon
time @12#. In Ref. @13# it is also shown that any unitary
M -dimensional matrix can be factorized into a sequence
two-dimensional transformation and thus any 2M -port mul-
tisplitter can be implemented by a suitable configuration
beam splitters. For example, the double-homodyne sch
of Ref. @14# is just the realization of aM54 multisplitter
homodyne detector

In Fig. 1 we report a schematic diagram of a multipa
interferometer. TheM input modes ai , i51, . . . ,M
are mixed by the first 2M -port splitter, and then follow
different optical paths corresponding to different phas
f1 , . . . ,fM . Light beams are then recombined and the o
put modes from the second multisplitter are detected byM
identical photodetectors. The interferometer is described b
transfer matrixT(f1 , . . . ,fM) whose dependence on th
relative phases of the involved modes can be recast in
following canonical form:
2267 © 1997 The American Physical Society
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T~f1 , . . . ,fM !5AV ~f1 , . . . ,fM !A, ~5!

where the matrixA is given in Eq.~4! and the phase shift
are contained in the matrix elements ofV,

Vkj~f1 , . . . ,fM !5exp~ ifk!dk j , ~6!

dk j denoting the Kronecker delta. Explicitly, the transfer m
trix of the interferometer is given by

Tk j~f1 , . . . ,fM !5
1

M(
l51

M

ei [f l1~2p/M ! ~ l21!~k1 j22!] . ~7!

The interferometer detects the commuting photocurr
Î n5bn

†bn , n51, . . . ,M , at theM outputs. Thein-out evo-
lution of field modes is given by

bn5(
l51

M

Tnl~f1 , . . . ,fM !al , @bm
† ,bn#5dmn . ~8!

The probability distribution of the output photocurrents c
be calculated as the multiple Fourier transform of a char
teristic function

P~ I 1 , . . . ,I M !5E
2p

p dl1

2p
•••E

2p

p dlM

2p )
k51

M

3exp~2 ilkI k!x~l1 , . . . ,lM !, ~9!

with the characteristic functionx(l1 , . . . ,lM) given by

x~l1 , . . . ,lM !5TrH r̂ in)
k51

M

exp~2 ilkbk
†bk!J ~10!

5TrH r̂out)
k51

M

exp~2 ilkak
†ak!J . ~11!

Equations~10! and ~11! represent the characteristic functio
in the Heisenberg and Schro¨dinger pictures, respectively
with r̂ in and r̂out denoting the density operator of the radi
tion state at the input and the output of the interferomete

We now consider the standard interferometric configu
tion, in which one input is excited into a coherent state b
laser beam, whereas the other inputs are vacuum. The i
state is represented by the state vector signal mode

uC in&5ua,0, . . . ,0&, ~12!

FIG. 1. Schematic diagram of a multipath interferometer.
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with modea1 in the coherent stateua&. As coherent states
are eigenstates of the annihilation operator, their Schro¨dinger
evolution is given by the same transfer matrix of the Heis
berg evolution of modes. Thus we can write the output st
corresponding to the input~12! by means of Eq.~8! as fol-
lows:

uCout&5uT11a, . . . ,TM1a&. ~13!

The characteristic functionx(l1 , . . . ,lM) can now be eas-
ily evaluated in the Schro¨dinger picture. Upon inserting Eq
~13! into Eq. ~11! and then into Eq.~9! one obtains the out-
put probability distribution of photocurrents

P~ I 1 , . . . ,I M !5)
k51

M

e2ubku
2 ubku2I k

I k!
, ~14!

where

ubku25^ Î k&5^D̂I k
2&5uau2uT1k~f1 , . . . ,fM !u2. ~15!

The probability distribution is factorized into a product
Poisson distributions of each photocurrent. It is worth not
ing that this result is not a mere consequence of commuta
among output photocurrents, but also depends on the ch
Eq. ~12! for the state at the input.

The influence of relative phases on the output photoc
rents can be used for a number of tasks. Here we fo
attention on monitoring a fixed phase shiftw among contigu-
ous paths~a general analysis will be reported elsewher!.
The relative phase shifts are given by

~fk112fk!5w, k51, . . . ,M21. ~16!

After replacing this choice into Eq.~7! the modulus of the
relevant matrix elementsuT1k(w,2w, . . . ,Mw)u2[FM

k (w) of
the transfer matrix are given by

FM
k ~w!5

1

M2

12cos@M ~w1uk!#

12cos~w1uk!
, ~17!

whereuk52p/M (k21), k51, . . . ,M . The functional de-
pendence versusw in Eq. ~17! is identical for all photocur-
rents, with just an additional shiftuk . We now consider only
one photocurrent, in order to find the optimal working r
gime for phase detection. Optimization could be obviou
repeated for each photocurrent; however, the final result
be just a set ofM equivalent optimal configurations.

Let us consider now a given fixed phase shiftw between
contiguous paths. By choosing the mean value~15! asphase
estimator, each random outcomeI 1 of the first photocurrent
corresponds to an estimatew* obtained by inverting Eq.~17!
as follows:

w*5@FM
1 #21S I 1

uau2D . ~18!

The behavior ofFM
1 (w) as a function ofw is reported in Fig.

2 for various values ofM . It can be usefully inverted in the
first branchwP@0,2p/M #, which represents the region tha
is explored by the interferometer. A photocurrent outco
I 1 contains information on phasew if it is smaller than
Imax5uau2 and larger than the threshold valueImin that cor-
responds to the height of the second maximum ofFM

1 (w).
From Fig. 2 it is apparent that the value ofImin rapidly



ta
t

te

im
e
-
ly

o-
u
-
es

te
f.

e

by
se
es

It
ust
ere
d,
the
ter.
er of
r a
the
as-
ion
-
ratio

ng
ita-
ul-

ob-

of
up-

of

ths

y a
na-

ov-

ffi-
of
eal
is-

he
er-
e ef-

ery

55 2269ARBITRARY PRECISION IN MULTIPATH INTERFEROMETRY
decreases versusM , and thus the number of discarded da
becomes negligible for largeM . For not too low intensities a
the input, the estimatesw* are distributed around
@FM

1 #21(ub1u2/uau2)[w, with a variance given by

Dw[A^D Î 1
2&Ud^ Î 1&

dw
U21

5
1

2uau FdAFM
1 ~w!

dw
G21

~19!

5
M

uau
tan

w

2

A~12cosw!@12cos~Mw!#

uMsin~Mw!tan~w/2!1cos~Mw!21u
,

which represents the phase sensitivity of the interferome
As it is apparent from Eq.~19!, the accuracy in monitoring
the phase shift depends on the phase value itself. The opt
working pointwWP for the interferometer corresponds to th
minimum points ofDw. For two and three paths interferom
eters the minimization procedure can be carried out ana
cally. We have

wWP
~2! 5p, Dw25

1

uau
, ~20!

wWP
~3! 5

p

2
, Dw35

3

4

1

uau
. ~21!

The results in Eq.~20! correspond to the Mach-Zehnder tw
path interferometer, whose sensitivity is bounded by the c
tomary shot-noise limit. Equation~21! shows that for a three
path interferometer the proportionality constant improv
This agrees with earlier experimental results@15# obtained
for a classical Mach-Zehnder-like three-path interferome
Equation~21! is also in agreement with the results of Re
@16#, where the experimental realization of anall-fiber three-
path interferometer was reported. In the general caseM>4
the optimization procedure can be easily performed num
cally. The absolute minimum of sensitivityDwM in Eq. ~19!
is given by

FIG. 2. The functionFM
1 (w) for increasing values ofM . The

number of oscillations increases and their height vanishes.
r.
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wWP
~M !.

A

M
, DwM.

1

uau
A22

M
, ~22!

whereA is a numerical constant~from a best fit valid for
4<M<1000 we obtainedA.4.17). The absolute minimum
is always contained in the first branch of@FM

1 #21(I 1). Notice
that no further improvement in sensitivity can be obtained
considering also theM21 remaining photocurrents becau
the working point forI 1 corresponds to unuseful branch
for the other photocurrents.

Equation~22! is the central result of the present paper.
shows that phase sensitivity can be improved at will by j
increasing the number of paths of the interferometer. Th
are now two different kinds of scaling. On the one han
there is shot-noise scaling versus the input energy due to
quantum fluctuations at unused ports of the interferome
On the other hand, one has a rescaling versus the numb
paths into which the input field is split. This means that fo
fixed amount of energy impinged into the interferometer
phase sensitivity can be arbitrarily improved by just incre
ing the number of paths. The available phase reg
@0,2p/M # that can be explored by the multipath interferom
eter decreases versus the number of paths. However, the
between this range and the phase sensitivity~22! remains
constant, leading to a significant improvement in monitori
small phase shifts. Thus, there are no fundamental lim
tions on accuracy when measuring small phase shifts by m
tipath interferometers, and there is only the technical pr
lem of realizing higherM multiport linear couplers.

In Fig. 3 we report results from numerical simulations
interferometric detections. We consider interferometers s
plied by the same coherent beam with amplitudeuau510 and
a different number of paths. The distributions of a sample
104 random outcomes for the photocurrentI 1 is reported for
the optimal configuration and after a phase shiftw51022

rad. The amplifying effect of the increasing number of pa
is apparent: the two~shifted and unshifted! distributions
would have been almost undistinguishable if measured b
two-path Mach-Zehnder interferometer. Here we do not a
lyze the very low signal regimeuau.1, when the distribu-
tion of the estimatesw* ~18! results in only a few spaced
peaks: this situation, however, could be of interest in impr
ing a phase communication channel.

Let us now consider the effect of nonunit quantum e
ciencyh at photodetectors. The probability distributions
photocurrents become a Bernoulli convolutions of the id
distributions. The output photocurrents are still Poisson d
tributed, however, with mean value multiplied byh. Upon
substituting this result into the first of Eqs.~19!, the phase
sensitivity at the working pointwWP

(M )is given by

DwMh5
1

uau
1

MAh
[DwM

1

Ah
, ~23!

with DwM given by Eq.~22!. Equation~23! shows that in-
efficient detection results only in a slight deterioration of t
numerical constant, without affecting the inverse scaling v
sus the number of paths: one has just a decrease of th
fective number of paths by a factorAh. We thus conclude
that the present multipath interferometric scheme can be v
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FIG. 3. Numerically simulated interferometric detection. Experimental distributions of a sample of 104 random outcomes of the photo
currentsI 1 are reported for the interferometer at the working point and after a shift of 10

22 rad. Results for an~a! M53, ~b! M517, and
~c! M550 interferometer. The input signal is always a coherent state with average photon numberuau25100. The amplifying effect of the
increasing number of paths is apparent.
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effective in practice because it is not affected by inefficie
detection. This is in contrast to the case of interferome
that uses nonclassical light, where inefficient photodetec
strongly degrades sensitivity@17#, as losses always hinde
detection of any nonclassical effect.

In conclusion, a highly sensitive interferometric schem
based on multisplitter linear couplers has been presen
Such interferometers can be implemented both asall-fiber
t
y
n

e
d.

devices and by discrete optical components. The increa
numberM of paths makes the interferometer more sensiti
with sensitivity linearly improving versusM , thus providing
a way to achieve arbitrary precision at a fixed amount
energy impinged into the apparatus. Nonunit quantum e
ciency of photodetectors does not affect the scaling law v
susM , and is just equivalent to consider a slightly low
effective number of paths.
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