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How far we can go with general principles?

Much farer than what one can imagine!



Index

• How a physical theory should be 

• Principles for physics 

• Localization issue in QFT and the particle notion 

• QCA field theory 

• Nonlinear Lorentz and group-theoretical notion of particle



How a physical theory should be

• Axioms must be mathematical  

		axioms contain no physical notion, e.g. mass, Lagrangian, …,  

		 variables are adimensional, … 

• Axioms and theorems must have physical interpretation  

	 	physics emergent (e.g. mechanics, … ) 

• Units of measure must be provided in terms of special values of 
the adimensional variables
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We derive quantum theory from purely informational principles. Five elementary axioms—causality, perfect
distinguishability, ideal compression, local distinguishability, and pure conditioning—define a broad class of
theories of information processing that can be regarded as standard. One postulate—purification—singles out
quantum theory within this class.
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I. INTRODUCTION

More than 80 years after its formulation, quantum theory
is still mysterious. The theory has a solid mathematical foun-
dation, addressed by Hilbert, von Neumann, and Nordheim
in 1928 [1] and brought to completion in the monumental
work by von Neumann [2]. However, this formulation is based
on the abstract framework of Hilbert spaces and self-adjoint
operators, which, to say the least, are far from having an
intuitive physical meaning. For example, the postulate stating
that the pure states of a physical system are represented by
unit vectors in a suitable Hilbert space appears as rather
artificial: which are the physical laws that lead to this very
specific choice of mathematical representation? The problem
with the standard textbook formulations of quantum theory
is that the postulates therein impose particular mathematical
structures without providing any fundamental reason for this
choice: the mathematics of Hilbert spaces is adopted without
further questioning as a prescription that “works well” when
used as a black box to produce experimental predictions. In
a satisfactory axiomatization of quantum theory, instead, the
mathematical structures of Hilbert spaces (or C* algebras)
should emerge as consequences of physically meaningful
postulates, that is, postulates formulated exclusively in the
language of physics: this language refers to notions like
physical system, experiment, or physical process and not to
notions like Hilbert space, self-adjoint operator, or unitary
operator. Note that any serious axiomatization has to be based
on postulates that can be precisely translated in mathematical
terms. However, the point with the present status of quantum
theory is that there are postulates that have a precise mathe-
matical statement, but cannot be translated back into language
of physics. Those are the postulates that one would like to
avoid.

The need for a deeper understanding of quantum the-
ory in terms of fundamental principles was clear since
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the very beginning. Von Neumann himself expressed his
dissatisfaction with his mathematical formulation of quan-
tum theory with the surprising words “I don’t believe in
Hilbert space anymore,” reported by Birkhoff in [3]. Re-
alizing the physical relevance of the axiomatization prob-
lem, Birkhoff and von Neumann made an attempt to un-
derstand quantum theory as a new form of logic [4]:
the key idea was that propositions about the physical world
must be treated in a suitable logical framework, different from
classical logics, where the operations AND and OR are no longer
distributive. This work inaugurated the tradition of quantum
logics, which led to several attempts to axiomatize quantum
theory, notably by Mackey [5] and Jauch and Piron [6] (see
Ref. [7] for a review on the more recent progresses of quantum
logics). In general, a certain degree of technicality, mainly
related to the emphasis on infinite-dimensional systems, makes
these results far from providing a clear-cut description of
quantum theory in terms of fundamental principles. Later
Ludwig initiated an axiomatization program [8] adopting an
operational approach, where the basic notions are those of
preparation devices and measuring devices and the postulates
specify how preparations and measurements combine to give
the probabilities of experimental outcomes. However, despite
the original intent, Ludwig’s axiomatization did not succeed
in deriving Hilbert spaces from purely operational notions, as
some of the postulates still contained mathematical notions
with no operational interpretation.

More recently, the rise of quantum information science
moved the emphasis from logics to information processing.
The new field clearly showed that the mathematical principles
of quantum theory imply an enormous amount of information-
theoretic consequences, such as the no-cloning theorem [9,10],
the possibility of teleportation [11], secure key distribution
[12–14], or of factoring numbers in polynomial time [15]. The
natural question is whether the implication can be reversed: is
it possible to retrieve quantum theory from a set of purely
informational principles? Another contribution of quantum
information has been to shift the emphasis to finite dimensional
systems, which allow for a simpler treatment but still possess
all the remarkable quantum features. In a sense, the study
of finite dimensional systems allows one to decouple the
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Principles for Physics
• Mechanics (QFT) derived in terms of 

countably many quantum systems in 
interaction 

• linearity 
• unitarity 
• locality 
• homogeneity 
• isotropy 
• minimal-dimension 
• qi-embedding in Euclidean space

Min algorithmic complexity principle

•without assuming Special Relativity

• QCA is a discrete theory.

add principles

• Quantum Cellular Automata (QCA) theory

•Ultra-relativistic limit (k~1) [Planck scale]: 
nonlinear Lorentz (Camelia/Smolin 
Doubly Special Relativity)

• Relativistic limit (k≪1): free QFT 
(Weyl, Dirac, and Maxwell)

•QFT derived:

•quantum ab-initio (mechanics emergent)

1. Existence of continuum is metaphysical 
(only mathematical convenience) 

2. Continuum is special case of discrete 
3. Testing mechanisms in simulations 
4. Falsifiable Planck-scale hypothesis 
5. Natural scenario for holographic principle 
6. Solves all issues in QFT originating from 

continuum:
i) uv divergencies 
ii) localization issue 
iii)Computability and path-integral

•Ultra-relativistic limit (k~1)

•

Motivations to keep it discrete:



what is real?
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Physicists routinely describe the universe as 
being made of tiny subatomic particles that 
push and pull on one another by means of 
force �elds. They call their subject �particle 
physics� and their instruments �p article accel�
erators.� They hew to a Lego�li ke model of the 
world. But this view sweeps a little�known 
fact under the rug: the particle interpretation 
of quantum physics, as well as the �eld inter�
pretation, stretches our conventional notions 
of �p article� and �� eld� to such an extent that 
ever more people think the world might be 
made of something else entirely.

The problem is not that physicists lack a valid theory of the 
subatomic realm. They do have one: it is called quantum �eld the�
ory. Theorists developed it between the late 1920s and early 1950s 
by merging the earlier theory of quantum mechanics with Ein�
stein�s special theory of relativity. Quantum �eld theory provides 
the conceptual underpinnings of the Standard Model of particle 
physics, which describes the fundamental building blocks of mat�
ter and their interactions in one common framework. In terms of 
empirical precision, it is the most successful theory in the history 
of science. Physicists use it every day to calculate the aftermath of 
particle collisions, the synthesis of matter in the big bang, the ex�
treme conditions inside atomic nuclei, and much besides.

So it may come as a surprise that physicists are not even sure 
what the theory says� what its �ontology,� or basic physical pic�
ture, is. This confusion is separate from the much discussed mys�
teries of quantum mechanics, such as whether a cat in a sealed 
box can be both alive and dead at the same time. The unsettled 
interpretation of quantum �eld theory is hobbling progress to�
ward probing whatever physics lies beyond the Standard Model, 
such as string theory. It is perilous to formulate a new theory 
when we do not understand the theory we already have.

At �rst glance, the content of the Standard Model appears 
obvious. It consists, �rst, of groups of elementary particles, 
such as quarks and electrons, and, second, of four types of force 
�elds, which mediate the interactions among those particles. 
This picture appears on classroom walls and in Scienti�c Amer�

I N  B R I E F

�� �� �� � � � ��� �� � � � � � �S� � S�C�  S�� �� �C� YA�� A��A�� � E: S�C�  �
S�� �� A��� R� �P EAS�C� EC�� �� � O� �� �P � RS� ���P � � � �E����SS�� �
� �����  � �� � ��A�� �  EP �R� ��  E: R� �AC� � � D�� � S�S� � �� ER� � CS�
E��NC�  S�� �� G��� ��A�� C�  S�ER�� �EA�  ��RAC� � S�ERD

� � � � �� � � � �� �� �� �� � �� � �� � � � �� � � � �� �� � ��  � �RES�S� �R� A�� S�
D¨¨�Uùï�yā`�ïDï�¹´å��´�D�ÕùD´ïù®��y¨mj�ï�y�®¹myà´�åù`�
`yåå¹à�¹��̀ ¨Dåå�`D¨��y¨må�åù`��Då�ï�y�®D�´yï�`��y¨mÎ�
ùï�
�y¨måj�ï¹¹j�Dày�ÈDàDm¹ā�`D¨Î

���´y�ï�yà�ÈDàï�`¨yå�´¹à��y¨må��  � ��: R� � P � RS� ���S� � R�
T� � S� �AI � � EP � �  � A� �  � � �  A� S� �R� � S� � S� S� � � T E �� �� � S�
 EES��� E� A�RES�� ERA�AS�E��P � S�  �� ��S� �R� A�� : S�E��  � �� �
S�ERA�E �E��C EC�  S�� A��A: � � �� A�P � AA��� � �  � � �� R� �AC�RD�

� � �� � � � �� � � �� � � � ��� �� � ��� � � � � l �� �� �� � � � � �� a�� �� �� �� �� �
� � �p� � � �al ��� �� � � � � � l ���� � � �p� � ��  � ��� � � �� � � ��� �� � l � �� � �� � � �
�� �� � ��� � � � � l �� � � �� � � �h � � � � � �� a�a� � � � �p� � � �a�� � �� ��� i �� � � ��
� � �� � � � �� � � �� �aa� �  �� � ��� � �� �� a � � � a��� � �� � � �� � ��� �  �� �a�p� �
�� �  a� a�� � ��� ��h �  �� �� � � �� ��� a�� ���  � � a�� � � �� � a��� � �� � �� � � �
� � � �  � � �a� � l �� �� �  � � � �� � �� � a� �a� �� �� � �� � � � � �� � �� �� � �� � l � �

ican articles. However compelling it might appear, it is not at 
all satisfactory.

For starters, the two categories blur together. Quantum �eld 
theory assigns a �eld to each type of elementary particle, so 
there is an electron �eld as surely as there is an electron. At the 
same time, the force �elds are quantized rather than continu�
ous, which gives rise to particles such as the photon. So the dis�
tinction between particles and �elds appears to be arti�cial, and 
physicists often speak as if one or the other is more fundamen�
tal. Debate has swirled over this point� over whether quantum 
�eld theory is ultimately about particles or about �elds. It start�
ed as a battle of titans, with eminent physicists and philoso�
phers on both sides. Even today both concepts are still in use for 
illustrative purposes, although most physicists would admit 
that the classical conceptions do not match what the theory 
says. If the mental images conjured up by the words �particle� 
and ��eld� do not match what the theory says, physicists and 
philosophers must �gure out what to put in their place.

With the two standard, classical options gridlocked, some phi�
losophers of physics have been formulating more radical alterna�
tives. They suggest that the most basic constituents of the materi�
al world are intangible entities such as relations or properties. 
One particularly radical idea is that everything can be reduced to 
intangibles alone, without any reference to individual things. It is 
a counterintuitive and revolutionary idea, but some argue that 
physics is forcing it on us.

�THE TROUBLE WITH PARTICLES
WHEN MOST PEOPLE, including experts, think of subatomic reality, 
they imagine particles that behave like little billiard balls re�
bounding off one another. But this notion of particles is a hold�
over of a worldview that dates to the ancient Greek atomists and 
reached its pinnacle in the theories of Isaac Newton. Several over�
lapping lines of thought make it clear that the core units of quan�
tum �eld theory do not behave like billiard balls at all.

First, the classical concept of a particle implies something 
that exists in a certain location. But the �particles� of quantum 
�eld theory do not have well�de�ned locations: a particle inside 

© 2013 Scientific American
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QCA on Cayley graph

• The notion of quantum particle is 
emergent. 

• Free theory (Fock space): 
Quantum walk on the Cayley 
graph of a group

G g

g’

• Interacting theory (von Neumann 
algebra) : QCA. 



Quantum walk on Cayley graph

Theorem (Gromov): A group is quasi-isometrically 
embeddable in Rd iff  it is virtually Abelian

Virtually Abelian groups 
have polynomial growth

# points ~rd

3

FIG. 2. Cayley graph of G = ha, b|aba�1b�1i. The graph is
isotropic.

FIG. 3. Cayley graph of G = ha, b|a2b�2i. The graph is
isotropic.

CLOSURE

Proposition 2. All the Ah (with h 2 S) are not full

rank.

Proof. The unitarity condition
P

h�h0=h00 AhA
†
h0 = 0

with h00 = 2h leads to AhA
†
�h = 0. Then either Ah

is full rank and A†
�h = 0 (against hypothesis) or both

Ah and A†
�h are not full rank. ⌅

Proposition 3. For s = 2, if isotropy holds all the Ah

with h 2 S and |S+| = d belong to a ring/group/albegra

(vedere cosa e’) made of at most d2 elements.

Proof. Being s = 2, the Ah have rank equals to 1. Then
a generic Ah can be written as Ah = |⌘hih#h|. The com-

FIG. 4. Cayley graph of G = ha, b|a5, b4, (ab)2i. The graph is
NOT isotropic.

FIG. 5. Cayley graph of G = ha, b|a5, b5, (ab)2i. The graph is
isotropic.

position of two arbitrary Ah, Ak leads to

AhAk = |⌘hih#h| |⌘kih#k| = h#h|⌘ki |⌘hih#k|.

Thanks to isotropy we have h#h|⌘ki = c for every ⌘k,#h.
⌅

Remark 2. For s = 2. For G Abelian, and the automaton

a b
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Quantum walk on Cayley graph

QUANTUM WALKS ON CAYLEY GRAPHS 5

Main problems:

(1) Given a finite dimensional Riemanian manifold M of dimension d = 2, 3, find
necessary conditions for the existence of a nontrivial isotropic QWCG quasi
isometrically embeddable in M .

(2) As in Problem 1 with M = Rd.

The case of homogeneous and isotropic Riemanian M with nonzero curvature is of
particular interest, and very little is known.

Questions: For Abelian G one reduces the diagonalization problem of AQ to finite
dimension by Fourier transform. We are not aware of an analogous procedure for
non-Abelian groups. Are there groups quasi-isometrically embeddable in H2 with
finite-dimensional irreps?

Theorem 1. A group is quasi-isometrically embeddable in Rd i↵ it is virtually
Abelian.

Proof Rd has polynomial growth at most xd () G also has growth at most xd.
By Gromov’s theorem, it follows that G is virtually nilpotent. By Scott and Pauls’
theorem if a nilpotent group G qi embeds in a Hilbert space, then G is virtually
Abelian.⌅

Homogeneous embedding of isotropic Cayley graph would imply that M has con-
stant curvature. For d = 3 the only complete, simply connected Riemaniann mani-
folds are: hyperbolic space, Euclidean space, and a unit sphere.

Remark 1. For 2 and ?? we know that the group must be virtually Abelian.

Proof [Misha Kapovich] Rd has polynomial growth at most xd. Thus, G also has
growth at most xd. By Gromov’s theorem, it follows that G is virtually nilpotent.
For nilpotent groups there is a precise formula for growth in terms of their derived
series [Bass and Guivarch] which implies that the group has to be virtually Abelian
of rank d.

Remark 2. One can prove that for QWCG Q = (G,S+, s, {Ah}h2S) with G virtually
Abelian there exists a quantum walk Q0 = (H,SH

+ , s · iH , {Bh}h2SH ) with Abelian
H ⇢ G, with finite index iH , such that

AQ0 = V AQV
†, with V : ugia ⌦  7! V ugia ⌦  = va ⌦ ei ⌦  , (13)

with {gi}i=1,...,iH being coset representatives, va with a 2 H canonical orthonormal
basis of `2(H), {ei}i=1,...,iH canonical basis in CiH ,  2 Cs, and V isomorphism
between `2(G)⌦ Cs and `2(H)⌦ Cs·iH .

[Danny Calegary] For isotropic Q with isotropy group L, one can choose H with
iH � |L|, and consider the orbit ofH under the action of L. ThenH is still symmetric.

Example 1 (Two-dimensional Weyl quantum walk). s = 2, G = Z2, the Cayley
graph is the square lattice with generators h1 and h2 two orthogonal sides of a square
tile. Modulo change of basis on C2 or a permutation of S, there is a unique QWCG
with the following transition matrices

Ah1 =
1
2

✓
1 0
i 0

◆
, A�h1 =

1
2

✓
0 i
0 1

◆
,

Ah2 =
1
2

✓
1 0
�i 0

◆
, A�h2 =

1
2

✓
0 �i
0 1

◆
. (14)

The quantum walk has isotropy group generated by the ⇡/4 rotations Z4 around any
vertex. The representation is generally projective, and corresponds to associate to
the generator any fixed phase factor.

RINORMALIZZARE I QW qw non abeliani

Gruppo con cicli h c , d | c4, d4, (cd)2 i

d
c

Due famiglie di soluzioni (non connesse)

a meno di unitaria µ1± i
p
1-µ2�x

commutante con gruppo di isotropia

Soluzioni numeriche:

prima famiglia dà Weyl
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FIG. 3. Cayley graph of G = ha, b|a2b�2i. The graph is
isotropic.

CLOSURE

Proposition 2. All the Ah (with h 2 S) are not full

rank.

Proof. The unitarity condition
P

h�h0=h00 AhA
†
h0 = 0

with h00 = 2h leads to AhA
†
�h = 0. Then either Ah

is full rank and A†
�h = 0 (against hypothesis) or both

Ah and A†
�h are not full rank. ⌅

Proposition 3. For s = 2, if isotropy holds all the Ah

with h 2 S and |S+| = d belong to a ring/group/albegra

(vedere cosa e’) made of at most d2 elements.

Proof. Being s = 2, the Ah have rank equals to 1. Then
a generic Ah can be written as Ah = |⌘hih#h|. The com-

FIG. 4. Cayley graph of G = ha, b|a5, b4, (ab)2i. The graph is
NOT isotropic.

FIG. 5. Cayley graph of G = ha, b|a5, b5, (ab)2i. The graph is
isotropic.

position of two arbitrary Ah, Ak leads to

AhAk = |⌘hih#h| |⌘kih#k| = h#h|⌘ki |⌘hih#k|.

Thanks to isotropy we have h#h|⌘ki = c for every ⌘k,#h.
⌅

Remark 2. For s = 2. For G Abelian, and the automaton
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FIG. 6. Cayley graph of G = ha, b|a4, b4, (ab)3i. The graph is
isotropic.

FIG. 7. Cayley graph of G = ha, b|a4, b10, (ab)2i. The graph
is NOT isotropic.

isotropic one has that {|⌘hi} is a frame and {|✓hi} is its
canonical dual frame.

FIG. 8. Cayley graph of G = ha, b|a7, b3, (ab)2i. The graph is
NOT isotropic.

VIRTUAL ABELIAN GROUPS

Let G = hg1, . . . , gki be a virtually abelian group,
namely H < G, H abelian with index � :=| G : H |<
+1. The group G can then be decomposed in left cosets
as G = a0H[a1H[. . .[a��1H with L := {a0, . . . , a��1}
a left transversal of H in G. The group admits also a
right cosets decomposition, with a right transversal R of
H in G in general di↵erent from L. However, since the
� < +1 there is there is a left transversal that is also a
right transversal.
Since Tg are a unitary representation of G, the opera-

tors Th with h 2 H commute, hence they have simulta-
neous eigenvectors. In particular, let H = hh1, . . . , hn |
R1 . . .Rmi, we have

Thi |ki = e�iki |ki.

Let R := {r0, . . . , r��1} be a right transversal of H in
G, with r0 representative of the coset of the identity el-
ement. The eigenvectors |ki can then be decomposed on
the whole Hilbert space H as

|ki =
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X

h2H
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Since we have
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• G hyperbolic → exponential growth exponential growth
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FIG. 2. Cayley graph of G = ha, b|aba�1b�1i. The graph is
isotropic.

FIG. 3. Cayley graph of G = ha, b|a2b�2i. The graph is
isotropic.

CLOSURE

Proposition 2. All the Ah (with h 2 S) are not full

rank.

Proof. The unitarity condition
P

h�h0=h00 AhA
†
h0 = 0

with h00 = 2h leads to AhA
†
�h = 0. Then either Ah

is full rank and A†
�h = 0 (against hypothesis) or both

Ah and A†
�h are not full rank. ⌅

Proposition 3. For s = 2, if isotropy holds all the Ah

with h 2 S and |S+| = d belong to a ring/group/albegra

(vedere cosa e’) made of at most d2 elements.

Proof. Being s = 2, the Ah have rank equals to 1. Then
a generic Ah can be written as Ah = |⌘hih#h|. The com-
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position of two arbitrary Ah, Ak leads to

AhAk = |⌘hih#h| |⌘kih#k| = h#h|⌘ki |⌘hih#k|.

Thanks to isotropy we have h#h|⌘ki = c for every ⌘k,#h.
⌅

Remark 2. For s = 2. For G Abelian, and the automaton

# points ~exp(r)

transmitted quantum information 
decrease as exp(-r)



• Unitarity ⇒ for d=3 the only possible G is the BCC!! 

• Isotropy ⇒ Fermionic ψ (d=3)

☞ Minimal dimension for nontrivial unitary A: s=2

The Weyl QCA D'Ariano, Perinotti, 
PRA 90 062106 (2014)
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Fµ(k) =

Z
dq

2⇡
f(q) ̃(k2 � q)�µ'(k2 + q)

Maxwell in relativistic limit k ⌧ 1
Boson: emergent from convolution of fermions 

(De Broglie neutrino-theory of photon)
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Determining dimensional units [ L ][ T ][ M ]

Dimensionless variables
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Conversion to dimensional units

fundamental system (Wilczek)

[ L ] [ T ] [ M ]
lP

Dimensionless variables

Relativistic limit:

Mini black-hole:



Dirac emerging from the QCA
fidelity with Dirac for a narrowband packets  in the relativistic limit k ≃ m ≪ 1
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i∂te
−ik0�x+iω0tψ(k�t) = s[ω(k)− ω0]e

−ik0�x+iω0tψ(k�t)

i∂t �ψ(k�t) = s[ω(k)− ω0]
�ψ(k�t)

i∂t �ψ(x�t) = s[v �∇+
1

2
D �∇∇] �ψ(x�t)

v = (∇kω) (k0)

D = (∇k∇kω) (k0)

The general dispersive Schrödinger equation

e
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superluminal

Dirac QCA
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Planck-scale effects: Lorentz covariance distortion

Transformations that leave the dispersion relation invariant

Bibeau-Delisle, Bisio, D'Ariano, 
Perinotti, Tosini, EPL (in press) 
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Planck-scale effects: Lorentz covariance distortion

Bibeau-Delisle, Bisio, D'Ariano, 
Perinotti, Tosini, arXiv:1310.6760

Relative locality 
R. Schützhold and W. G. Unruh, J. Exp. Theor. Phys. Lett. 78 431 (2003) 
G. Amelino-Camelia, L. Freidel, J. Kowalski-Glikman, and L. Smolin, arXiv:1106.0313 (2011)
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ing at the group-velocity. In this construction points in
space-time are regarded as crossing points of the trajec-
tories of two particles (such points have an “extension”
due to the Gaussian profile). For a function g

k0(t, x)
peaked around k0, the map (9) can be approximated by
taking the first order Taylor expansion of k(!0

, k

0) and
!(!0

, k

0) respectively around k

0

0 and !

0(k0) in the func-
tion � (one can verify that a narrow wave-packet remains
narrow under a boost, see Fig. 4, thus confirming the va-
lidity of the approximation). This leads to the following
transformations

✓
t

0

x

0

◆
⇡

✓
�@

!

0
k @

k

0
k

@

!

0
! �@

k

0
!
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k

0=k

0
0

✓
t

x

◆
(10)

Since Eq. (10) defines a linear transformation of the vari-
ables x and t and the wave-packets move along straight
lines, we can interpret (10) as the transformation of the
coordinates x

p

and t

p

of a point p in space-time, namely
of the intersection of the trajectories of two particles
having k’s close to some common k0. However, the k-
dependance of the transformations (10) makes the geom-
etry of space-time observer-dependent in the following
sense. Consider a point p which is given by the intersec-
tion of four wave-packets, the first pair peaked around
k1 and the second pair peaked around k2 (k1 6= k2). Be-
cause of the k dependence in (10), a boosted observer will
actually see the first pair intersecting at a point which
is di↵erent from the one where the second pair inter-
sects (see Fig. 5). This e↵ect, first noticed in Ref. [24]
is the characteristic trait of the so-called relative locality

[25, 26]. The space-time resulting in such a way from the
automaton dynamics is “not objective”, in the sense that
events that coincide for one observer may not for another
boosted observer. The above heuristic construction is in
agreement with the assertion of Ref. [26] that relative
locality appears as an feature of all models in which the
energy-momentum space has a non flat geometry. This
can be easily seen by requiring that the transformation
(10) does not depend on k0 and remembering that for
k0 = 0 one must recover the usual Lorentz transforma-
tions.

In this letter we have shown that the quantum cellu-

FIG. 4. (Colors online) Transformation of a Gaussian state
due to a boost for two di↵erent values of � = �0.99, �0.999
and m = 0.1 in the momentum (left) and the position (right)
representations.

k1 ⇡ 0

(x, t)

(x0

2, t
0
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(x0

1, t
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k

0

2 ⇡ �0.6
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FIG. 5. (Colors online) Relative locality. In the left reference
frame, the joint intersection of four wave-packets, the first
couple having wavevector close to 0 and the second couple
close to ⇡/5, locates the point with coordinates (x, t). In
the boosted reference frame on the right, by applying the the
transformation of Eq. (8), the four wave-packets no longer
intersect at the same point.

lar automaton of Refs. [19, 20] provides a microscopic
kinematical model compatible with the recent proposals
of DSR. We obtained the nonlinear representation of the
Lorentz group in the energy-momentum space by assum-
ing the invariance of the dispersion relation of the au-
tomaton. Using the aurguments of Ref. [24] we heuristi-
cally derived a space-time that exhibits the phenomenon
of relative locality. Our analysis has been carried in the
easiest case of one space dimension, which, however, is
su�cient to the analysis of the present letter. The same
arguments can be easily generalized to three space dimen-
sions using the results of Ref. [20], leading to additional
symmetry violations, e.g. rotational covariance.
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FIG. 1. (Colors online) The automaton dispersion relation
(left) and group velocity (right) for m = 0.1, 0.2, 0.4, 0.8, 1,
from bottom to top at k = 0 (left), and at k = ⇡/2 (right).

group velocity in B1, also sees an increased group veloc-
ity in B2 since in both cases the momentum k is mapped
closer to the invariant point. Since the two physical re-
gions B1 and B2 exhibit the same kinematics they are
indistinguishable in a non interacting framework. For
massless particles the Dirac automaton dispersion rela-
tion (3) coincides with the undistorted one !2 = k

2 and
the group velocity no longer depends on k. Thus the
model we are considering does not exhibit a momentum-
dependent speed of light.

The action of the boosts (7) on the states of the au-
tomaton (disregarding the internal degrees of freedom)
reads

| i =

Z
dkµ(k)ĝ(k)|ki

L

D
���!

Z
dkµ(k) ĝ(k)|k0i =

=

Z
dkµ(k0) ĝ(k(k0))|k0i

(8)

where µ(k) = µ(!(k), k) = [2(1 � m

2) tan!(k)]�1 is
the density of the invariant measure in the k-space for
µ(!, k) in the (!, k)-space, k

0 is as in Eq. (7), and
|ki := (2(1�m

2) tan!(k))1/2|�(k)i. One can verify that
the transformation (8) is unitary. In Fig. 2 we show how
a perfectly localized state transforms under boosts.

Let us now deepen our analysis considering how the
features of the present framework a↵ect the geometry
of space and time. Under the action of the deformed
boost L

D

�

a function f̂(!, k) transforms as f̂

0(!, k) =

f̂(!0(!, k), k0(!, k)) and, following an ansatz due to
Schützhold et al. [24], one can express the boosted func-
tion in the variables t, x by conjugating the boost L

D

�

with the Fourier transform F [29] i. e.

f
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We notice that, due to the non linearity of D, the map
(9) does not correspond to a change of coordinates from
(t, x) to (t0, x0) and therefore we cannot straightforwardly
interpret the variables t and x as the coordinates of

FIG. 2. (Colors online) Top figure: Delocalization of a state
localized at x = 0 after a boost with � = �0.99 for mass
m = 0.1. Bottom figure: Left: momentum representa-
tion of a boosted localized state for di↵erent values of the
mass m = 0.1 (red) 0.3 (orange) 0.8 (green) with � = �0.99.
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Delocalization under boost

For narrow-band states 
we can linearize Lorentz 
transformations around 
k=k0 and we get k-
dependent Lorentz 
transformations

3

FIG. 1. (Colors online) The automaton dispersion relation
(left) and group velocity (right) for m = 0.1, 0.2, 0.4, 0.8, 1,
from bottom to top at k = 0 (left), and at k = ⇡/2 (right).
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indistinguishable in a non interacting framework. For
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tion (3) coincides with the undistorted one !2 = k
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dependent speed of light.

The action of the boosts (7) on the states of the au-
tomaton (disregarding the internal degrees of freedom)
reads
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D
���!
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dkµ(k) ĝ(k)|k0i =

=

Z
dkµ(k0) ĝ(k(k0))|k0i

(8)

where µ(k) = µ(!(k), k) = [2(1 � m

2) tan!(k)]�1 is
the density of the invariant measure in the k-space for
µ(!, k) in the (!, k)-space, k

0 is as in Eq. (7), and
|ki := (2(1�m

2) tan!(k))1/2|�(k)i. One can verify that
the transformation (8) is unitary. In Fig. 2 we show how
a perfectly localized state transforms under boosts.
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features of the present framework a↵ect the geometry
of space and time. Under the action of the deformed
boost L
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a function f̂(!, k) transforms as f̂

0(!, k) =
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We notice that, due to the non linearity of D, the map
(9) does not correspond to a change of coordinates from
(t, x) to (t0, x0) and therefore we cannot straightforwardly
interpret the variables t and x as the coordinates of
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0.99 (green) with m = 0.1.
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at time t in the position representation of a restricted
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Lorentz covariance: Weyl automaton
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Inertial frame: decomposition into irreducible representations

k ! k0(k,!), ! ! !0(k,!)Change of frame:

Bisio, D'Ariano, Perinotti, arXiv:1503.01017
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k ! k0(k,!), ! ! !0(k,!)Change of frame:

Assume linearity:      independent on     and                  ⇤ k ! ⇤†�⇤ = L�1
� �

f(!,k)(sin!I � n(k) · �) (k,!) = 0 (!,k) 2 X .

(sin!I � n(k) · �) (k,!) = 0

continuous non vanishing on f(!,k) X

Define the 4-vector: p := f(!,k) (sin(!),n(k))

Lorentz covariance: Weyl automaton

Bisio, D'Ariano, Perinotti, arXiv:1503.01017

Requirement that the change of frame leaves the dynamics invariant:

(sin!I � n(k) · �) = ⇤†(sin!0I � n(k0) · �)⇤ ⇤ = ⇤(k,!) 2 SL(s,C)



Lorentz covariance: Weyl automaton

(pµ�
µ) (k,!) = 0f(!,k)(sin!I � n(k) · �) (k,!) = 0

Bisio, D'Ariano, Perinotti, arXiv:1503.01017

action on           given by the non-linear representation of the Lorentz group (k,!)

L� := D�1 � L� �D D(!,k) := f(!,k)(sin!,n(k))



Lorentz covariance: Weyl automaton

(pµ�
µ) (k,!) = 0f(!,k)(sin!I � n(k) · �) (k,!) = 0

L� := D�1 � L� �D D(!,k) := f(!,k)(sin!,n(k))

The Brillouin zone separates into four  regions B =
�
[3
i=0Bi

�
[ F

F : zero-measure set where the Jacobian               of the map            vanishesJn(k) n(k)

Bisio, D'Ariano, Perinotti, arXiv:1503.01017

action on           given by the non-linear representation of the Lorentz group (k,!)

L� := D�1 � L� �D D(!,k) := f(!,k)(sin!,n(k))

take   monotonic: you can study              instead of  Also:
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Lorentz covariance: Weyl automaton

Jacobian               of the map            : Jn(k) := det[@inj(k)] = cos(2ky)�(k)Jn(k) n(k)

vanishes on the set:
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B \ F =

[

i

Bi, Bi \ Bj = ; for i 6= j

B

F = G [ X,

X := {k 2 B| cos(2ky) = 0}
G := {k 2 B|�(k) = 0}

Bisio, D'Ariano, Perinotti, arXiv:1503.01017

Lorentz covariance: Weyl automatonLorentz covariance: Weyl automaton
Jacobian must go to the identity



Lorentz covariance: Weyl automaton

n(0)(B0) = n(2)(B2) = Qa

n(1)(B1) = n(3)(B3) = Qb

Qa := U \ (e+(T1) [ e�(T2))

Qb := U \ (e+(T2) [ e�(T1))

T1 := (�⇡
2 ,

⇡
2 )

T2 := (�⇡,�⇡
2 ) [ (⇡2 ,⇡].
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2
(sin(t), cos(t),± sin(t))

Each region     is diffeomorphic to the unit ball     pierced by with two semi-ellipsesBi U Ti

n(i) nrestriction of     to Bi

Bisio, D'Ariano, Perinotti, arXiv:1503.01017



Lorentz covariance: Weyl automaton
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Lorentz covariance
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Lorentz covariance

B3 zone
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Lorentz covariance: 
Weyl automaton

• Therefore:  

• upon defining an inertial frame as a 
decomposition into irreps 

• requiring the change of frame leaves the 
dynamics invariant 

• we found four Lorentz-invariant k-domains 

• translations in space and time leave the 
dynamics invariant:  

• Lorentz-invariance ➞ Poincaré invariance 

• We have four different particles.
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De Sitter covariance: 
Dirac automaton

Bisio, D'Ariano, Perinotti, arXiv:1503.01017

Covariance for Dirac QCA

invariance of de Sitter norm:

covariance cannot leave     invariant

One has for

invariance



• Discrete QCA theory to be regarded as a theory unifying scales from Planck to Fermi

Conclusions

• Fundamental notions surviving at all scales:

• Free QFT derived from principles (denumerable interacting quantum systems)

• Nonlinear Lorentz group

•without assuming Special Relativity
•quantum ab-initio (mechanics emergent)

• Notion of particle as Poincaré invariant
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